We investigate the cosmological evolution of mimetic matter model with arbitrary scalar potential. The cosmological reconstruction , which is the way to construct a model for arbitrary evolutions of the scale factor, is explicitly done for different choices of potential. The cases that mimetic matter model shows the evolution as Cold Dark Matter(CDM), wCDM model, dark matter and dark energy with dynamical Om(z) , where
I. INTRODUCTION
The existence of dark energy and dark matter is indirectly shown by the observations of Cosmic Microwave Background (CMB), Large Scale Structure (LSS) of the Universe, Super Novae of Type Ia (SNIa), and related observational probes. Dark energy is usually regarded as a cosmological constant Λ in the standard model of cosmology, ΛCDM model. However, in general it represents some energy which have a negative pressure with equation of state parameter being less than −1/3. On the other hand, dark matter, in particular Cold Dark Matter (CDM) means the nonrelativistic unknown matter. There are many candidates for dark energy (for review, see [1, 2] ) and dark matter [3, 4] . However, it is not yet clear which model is viable one.
In this paper, we will consider mimetic matter model [5] , which was first proposed as a model of dark matter. However, it was realized later that it can be treated as a model of dark energy by adding the potential term of the scalar field [6] . Mimetic matter model is a conformally invariant theory by making the physical metric as a product of an auxiliary metric and the contraction of an auxiliary metric and the kinetic term of the scalar field.
Whereas, the equivalence between mimetic matter model and a scalar field model with a Lagrange multiplier [7] is shown in [8, 9] . Therefore, we treat mimetic matter model as a scalar field model with a Lagrange multiplier in this paper.
The contents of the paper are the following. In Sec. II, we consider the background evolution of the Universe in general mimetic matter model. The cosmological reconstruction of the model , which is the way to construct the action which may realize the given evolution history of the universe by the choice of potential, is done and ΛCDM-like era is explicitly executed for corresponding scalar potential. The evolution of the matter density perturbation is discussed in Sec. III. First, mimetic matter model without potential is used to evaluate whether mimetic dark matter also behaves as dark matter at the cosmological perturbations level. Next, we investigate the matter density perturbation in general mimetic matter model with scalar potential. In Sec. IV, the possibility of the phantomnon-phantom transition is explicitly demonstrated in mimetic matter model. The behavior of the cosmological perturbations is also discussed, especially the behavior close to finitetime future singularity. Concluding remarks are given in Sec. V. The units of k B = c = = 1 are used and gravitational constant 8πG is denoted by κ 2 ≡ 8π/M Pl 2 with the Planck mass
GeV in this paper.
II. THE ACCELERATING EVOLUTION OF THE ISOTROPIC AND HOMOGE-NEOUS UNIVERSE
We consider the action of mimetic matter model [6] :
where V is an arbitrary function of the scalar field φ and λ is a Lagrange multiplier. The
Einstein equation obtained from Eq. (2.1) is
where
and T µν is the energy momentum tensor of the usual matter. On the other hand, the equation given by the variation with respect to the scalar field φ is the following one:
where V ,φ ≡ dV (φ)/dφ. The constraint equation given by the variation of λ is
When the spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric,
, is taken, FLRW equations are written by
where H ≡ȧ(t)/a(t). ρ is the energy-density of the matter and w is the equation of state (EoS) parameter expressed by w = p/ρ. From Eqs. (2.3) and (2.4) we have 2λφ + 2λφ + 6Hλφ − V ,φ = 0, (2.7)
The equation of continuity of the matter iṡ
If w is constant, one can integrate Eq. (2.9) as gives the equations
and
Therefore, all the solutions for the variables will be found if Eq. (2.12) can be solved with respect to a(t). From the other side, one can say that this model is able to realize arbitrary evolution history of the Universe by using the arbitrariness of the function V (φ). Indeed, one can choose the form of V (φ) for the arbitrary function f such that a(t) = f (t) as
Some forms of the function V (φ) are considered in ref. [6] . Here, we consider some other examples of V (φ), which are adequate to the cosmological observations and yield the accelerating universe. In particularly, the form of V (φ) which can yield the phantom -non-phantom transition is treated in Sec. IV. In the following, we assume the value of EoS parameter of the usual matter as p matter /ρ matter = w matter = 0. 
where ρ dm0 and ρ w0 are the current energy-density of dark matter and that of a fluid, respectively. Here, the current value of the scale factor is chosen as a 0 = 1. Thus,
The specific form of the potential is very complicated even if it can be obtained by solving Eq. (2.5). However, one can easily obtain some approximated forms of V (φ).
When w > −1, an approximated solution of wCDM model is given by
where ρ b0 is the current energy-density of the baryonic matter, because the solutions of Eq. (2.5) in the matter dominant universe and in the fluid matter dominant universe are given
Therefore, an approximated form of potential V (φ) is expressed as
Eq. (2.18) is a very rough approximation as a kind of the interpolation. To improve the accuracy of the approximation, one can use the current value of the Hubble rate H 0 as: 
Reconstruction with respect to Om
One can rewrite Eqs. (2.11) and (2.12) by using Om(z) and Om ′ (z) instead of H(t) and
where ρ b0 is current energy-density of the baryons. Om(z) is defined by [10, 11] 
In the case of the ΛCDM model, Om(z) is in accord with the current matter fraction Ω m0 .
However, in the recent paper [15] , a discrepancy between CMB observations (Planck+WP) and BAO observations is pointed out. 24) where t CM B is a time of z = 1089, then Omh 2 ≈ 0.122 for small redshift and Omh 2 = 0.142 at z = 1089 is realized. The potential which causes such an expansion history is given by using Eq. (2.13), however, it is not written down explicitly, being very complicated. Similarly, we can reconstruct any requested universe history. In the next section, the evolution of the matter density perturbations is studied.
III. COSMOLOGICAL PERTURBATIONS WITH ACCOUNT OF MATTER
In this section, we investigate the growth rate of the matter density perturbations (for general review of cosmological perturbations theory, see [12] [13] [14] ). When we use the metric of the Newtonian gauge, ds
(ij), i = j, and (ii) elements of the linearized Einstein equation in the Fourier space are represented as follows, respectively:
where we defined the sound speed by c 2 s ≡ δp/δρ, the matter density perturbation by δ ≡ δρ/ρ and the scalar perturbation of the four velocity as ∂ i δu. The linearized equations of (2.3) and (2.4) are given as follows:
From the perturbation of the equation of continuity, ∇ µ T µν = 0, one gets
In the following, we treat the equation of state parameter and the sound speed of the matter as w = c s = 0 by assuming the era after matter dominance.
A. Mimetic dark matter
First, we consider the case V ′ (φ) = 0 as a simple example. Then, the field λ behaves as dark matter in the flat FLRW space-time [5] . Let us investigate whether the field λ also behaves as dark matter when we consider cosmological perturbations. First, Eqs. (3.6) and Taking into account ρ, λ ∝ a −3 , we obtain
where ρ tot ≡ ρ − 2λ and δ tot ≡ (δρ − 2δλ)/(ρ − 2λ). By using Eq. (3.9), we finally obtain
Now, one can recognize the equivalence between mimetic dark matter and fluid dark matter at the linear perturbation level because Eq. (3.14) is same as that of the ΛCDM model. The equivalence of mimetic dark matter and fluid dark matter had been shown in Ref. [7] .
B. Mimetic matter with potential
In this section, we consider more involved case V ,φ = 0. The perturbation equations (3.2), (3.4), and (3.7) can be simplified as follows by using Eqs. (3.4) and (3.6):
Eliminating the term proportional to δu from Eqs. (3.15) and (3.17) giveṡ
Then, we can derive the following evolution equation of the matter density perturbation:
Eq. (3.19) is quite different from that in quintessence model. There are no oscillating solutions, moreover, the quasi-static solutions are modified. In fact, if we assumë .16) 7. eliminating the terms proportional to δφ from the equations derived at the second, fourth, and sixth step by using Eq. (3.18)
8. eliminating the terms proportional to δφ and δφ by using the equations derived at the seventh step. Initial conditions are f ′′ (100) = f ′ (100) = 0 and f (100) = 1.
Mimetic wCDM
Let us evaluate the difference between Eqs. (3.19) and (3.20) term −κ 4 ρλδ/2 is not relevant at the matter dominant era, so we can also find that the differences become small as redshift z becomes large.
Dynamical Om(z)
The behavior of the growth rate function f (z) when the background solution of the Universe is given by Eq. (2.24) is expressed in Fig. 5 . 
IV. ON THE POSSIBILITY OF THE PHANTOM -NON-PHANTOM TRANSI-TION A. Reconstruction of the background evolution
In the quintessence model, the value of EoS parameter w = p φ /ρ φ is constrained as −1 < w < 1 so that phantom behavior w < −1 cannot be realized. Here, we formally consider the possibility to construct a model, which can describe the transition from −1 < w to w < −1 or from w < −1 to −1 < w. If the Hubble rate H(t) is given by the following function,
2)
or
then for the case, 0 < t < t − or t + < t, h 1 ν cos(νt) > 0, t s /2 < t < t s , or t ′ − < t < 0 or t > t ′ + , where t ± ≡ −T 0 ± β/α and t also describe the unified model of the inflation and dark energy because there are two regimes 0 < t < t − and t + < t satisfying w eff < −1, the era 0 < t < t − and the era t + < t correspond to the inflation and a dominance of dark energy, respectively. The forms of the potential which cause the above expansion rates of the Universe are obtained by using Eq. (2.13) as
and .7) as an example. In this model, the Universe will experience the singular evolution in H(t) if t s is larger than the current time. It is known that there may occur several finite-time future singularity scenarios of the Universe as [19] [20] [21] which are classified as [20] :
• Type I ("Big Rip") : For t → t s , a → ∞, ρ eff → ∞, and |p eff | → ∞. This also includes the case of ρ eff , p eff being finite at t s .
• Type II ("Sudden") : For t → t s , a → a s , ρ eff → ρ s , and |p eff | → ∞.
• Type III : For t → t s , a → a s , ρ eff → ∞, and |p eff | → ∞.
• Type IV : For t → t s , a → a s , ρ eff → 0, |p eff | → 0, and higher derivatives of H diverge.
This also includes the case in which p eff (ρ eff ) or both of p eff and ρ eff tend to some finite values, while higher derivatives of H diverge.
Singularity in the case under consideration corresponds to Type I or Type III. When c 0 = 2/3 and t s = 4 × 10 10 years, we have a solution of Eq. (4.3) as
where c 1 is an integration constant. It is chosen as c 1 = 1.6 to comply with the observed background evolution of the Universe. In this case, w eff is simply expressed as w eff = −2t/t s .
The evolution behavior of the matter density perturbation is changed around the singularity because the approximation |a 2 H 2 /k 2 | ≪ 1 no longer holds in Eq. (3.19) . In Fig. 6 , the behavior of the growth rate function f (z) = d ln δ(z)/dN(z) until the current time is expressed. On the other hand, the future evolution of f (t) is expressed in Fig. 7 . Fig. 7 shows singular behavior in f (t) around t = 2.7 × 10 10 years, although the singularity in a(t) and H(t) occurs at t = 4×10 10 years. The reason why such a behavior of f (t) occurs is instability of the perturbations of phantom matter even at the classical level. To be concrete, the flip of the sign of the kinetic term would cause the instability. A decay of perturbations much earlier of future singularity found in [32] is just the same as this instability (for discussion of problems of phantom-divide transitions in perturbations, see [22] [23] [24] ).
V. CONCLUSIONS
In this paper, we have investigated the evolution of the matter density perturbation in mimetic matter model. In Sec. II, the reconstruction, the way to construct a model which can describe arbitrary evolution history of the Universe, has been explicitly shown and some examples, including mimetic wCDM model and evolving Om(z) model, have been given. At the beginning of Sec. III, the growth rate of the matter density perturbation has been investigated when potential term is not dynamical. As a result, it has been shown that mimetic dark matter also behaves as CDM at the perturbation level. In the case of a model of dynamical Om(z) as examples. The difference seems not to happen in mimetic wCDM, but it clearly appears in dynamical Om(z). In Sec. IV, we have proved the possibility to realize phantom -non-phantom transition in mimetic matter model. It has been shown that phantom -non-phantom transition is possible because the sign of kinetic term of the scalar field is determined by the sign of the Lagrange multiplier. However, usually phantom brings an instability. Such an instability occurs not only as quantum effect but also as classical effect [25] [26] [27] [28] [29] [30] [31] , and it breaks the perturbation theory as is explicitly demonstrated.
It would be interesting to study the accelerating universe evolution and cosmological perturbations in the generalizations of mimetic matter model which include mimetic F (R) gravity [33, 36] , higher-derivative mimetic model [34] or its further generalizations [35] . In this case, we have not only scalar potential but also extra function like F (R) or higherderivative term. Hence, the cosmological reconstruction can be executed quite easily. This will be studied elsewhere.
